Energy saving propagation along a social network is modelled. This model consists of a time evolving weighted directed network. Network weights and information decay are applied in savings calculation. It is noted that human behaviour changes can have a significant impact on energy consumption, however, qualitative study on such an impact is still very limited, and it is necessary to develop the corresponding mathematical models to describe how much energy savings can be achieved through human engagement. In this paper a mathematical model of human behavioural dynamic interactions on a social network is derived to calculate energy savings. This model consists of a weighted directed network with time evolving information on each node. Energy savings from the whole network is expressed as mathematical expectation from probability theory. This expected energy savings model includes both direct and indirect energy savings of individuals in the network. The savings model is obtained by network weights and modified by the decay of information. Expected energy savings are calculated for cases where individuals in the social network are treated as a single information source or multiple sources. This model is tested on a social network consisting of 40 people. The results show that the strength of relations between individuals is more important to information diffusion than the number of connections individuals have. The expected energy savings of optimally chosen node can be 25.32% more than randomly chosen nodes at the end of the second month for the case of single information source in the network, and 16.96% more than random nodes for the case of multiple information sources. This illustrates that the model presented in this paper can be used to determine which individuals will have the most influence on the social network, which in turn provides a useful guide to identify targeted customers in energy efficiency technology rollout programmes.
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Introduction
In the UK, the residential sector accounts for 31% of total energy consumption except non-energy use in 2013 [1] . It is predicted that domestic energy use will increase more than two times in the UK in 2025 comparing to the amount of energy use in 2013 [2] . Thus, residential areas are important targets for energy consumption reduction, and different aspects of residential energy consumption characteristics are investigated. For instance, Ref. [3] studies the relations between residential energy consumption and building characteristics, socio-demographics, occupant heating behaviour, etc. Embodied and controlled energy consumptions of urban areas are studied from network control perspective [4] . A novel 3-level emergetic evaluation framework is presented in [5] to investigate energy efficiency and sustainability of complex biogas systems with the aid of time-series ecological-economic behaviours. Dynamic and embodied energy for water and water for energy are also calculated in the study of energy-water nexus [6] . It is also noted that residents' personal preferences and habits have a strong influence on energy use in residential homes [7] [8] [9] [10] . In [8] , the result shows that the operational behaviour of domestic hot water supply system can have influence on the energy use efficiency. Ref. [9] studies the impact of compact development on energy consumption by households' consumption behaviour simulation. The results in [10] show that the energy consumption patterns of a building is affected by not only the behaviour of its own occupants, but also by occupants from neighbouring buildings. Previous studies provide evidence that lifestyle changes can lead to savings in overall energy use [11] [12] [13] . It is found in [12] that changing the habit to use an electric kettle can save an average of 40 kW h per household per year. Ref. [14] discusses how change and continuity in practices can be understood by applying practice theory in residential energy consumption. Studies in [15] reveal that collective behaviour change, even within a small network, can provide a large amount of energy savings. Note the connections between people in a community, researchers have studied the impact of social network to energy consumption [13, 16, 17] . Reduction of energy use can be achieved by residents sharing energy efficiency information in a social network. The results in [13] indicate that energy consumption can be reduced by sharing energy efficiency information between families. A Facebook application for energy consumption information sharing is designed in [18] to promote energy savings. This paper focuses on the influence of social network to human behaviour. In a social network, different individuals usually have direct or indirect connections with each other. The influence of people from direct connected individuals is easy to understand, and the influence from indirect connections is based on the knowledge of small world phenomenon [19] [20] [21] [22] [23] . This paper studies how interactions between individuals among social network will influence the energy savings of the whole network. In order to analyse information diffusion within a social network, complex network theory is applied. In a network graph, an individual can be considered as a node, and the connection between two individuals can be seen as node connection. Fig. 1 is a diagram which shows the impact of interactions between individuals in social network to the mass rollout of energy efficiency technologies. In the mass rollout of energy efficiency products, such as the rollout of solar water heaters in many countries, there are some selected nodes within the social network with earlier installation of efficient products earlier than others for various reasons, say, a positive response to new technologies or free trial provided by suppliers. These nodes will benefit from the new energy efficient products and will therefore spread such information among their friends and relatives. Thus, other nodes within the social network will get to know the energy saving information, and would potentially purchase the new product. These users will further spread the energy saving information along the social network. In this way more energy savings are expected through the interactions of people within the social network. A challenging problem will be qualitatively determining such expected energy savings.
The connections of a social network are explored in [24, 25] , where the expected energy savings through interactions under small degree of separation are quantified using information entropy theory. However, the model in [24, 25] assumes that an individual has an equal impact to all of his/her friends, neighbours, or family members, and also assumes such an impact does not change against time. The strength of interactions between individuals is considered equal and symmetric in both directions in [26] [27] [28] . This paper considers more practical situations where an individual has different and time varying impacts to his contacts. With the aid of weighted directed graph, a mathematical model is developed to calculate the expected energy savings within a social network. Considering data requirement for variable validation in designed model, a survey is designed. This survey investigates the relationship of 40 participants and their response to recommendation of energy saving product within the social network. Then the designed model is further validated by the results collected from the survey.
The remainder of the paper is structured as follows, a mathematical model quantifying energy savings achieved through network interaction and the case study is provided in Section 2, the calculation results from a survey is discussed in Section 3, and some conclusions are made in the last section.
Mathematical model

Weighted social network
Individuals in a social network are represented as nodes in a complex network [19, 29] , and the connections between people who know each other are represented as edges between nodes.
Consider a weighted directed network with N nodes, assume that node i is connected to k i neighbours, where i ¼ 1; ...; N. The weight of an edge in the network is defined as the strength of influence of one node to the other, and this weight is assumed to be an integer between [0, 5] in this paper. A zero value of strength means no effect, while a positive value indicates positive effect between the two nodes.
It is noted that the influence from node i to node j may not be equal to the influence from node j to node i. Thus, this network is generally an unbalanced digraph [30, 31] with W ij -W ji , where W ij is the weight from node i to node j, W ji is the weight from node j to node i [32, 33] . In order to represent the dynamic changes of people's relations against time, the weights are assumed to be functions of time t. The weight from node i to node j during time period t is therefore denoted by W ij ðtÞ, where 0 6 W ij ðtÞ 6 5, t P 0. The exact value of W ij ðtÞ depends on the frequency of communications per month between the two nodes.
W ij ðtÞ¼ 1; 0 6 f < 1:25; 2; 1:25 6 f < 2; 3; 2 6 f < 4; 4; 4 6 f < 10;
5; f P 10; where f is the frequency of communications per month. When node i and j are not directly connected, there will be no direct communication between these two nodes, therefore define W ij ðtÞ¼0.
Propagation of network links
The probability p ij ðtÞ refers to the probability that the information regarding an energy efficiency project is transferred from node i to its neighbour node j at time period t. The relation of probability p ij ðtÞ with weights is given as follows:
where a ij ðtÞ is the coefficient between the probability and weight at time period t,06 p ij ðtÞ 6 1, a ij ðtÞ P 0. Note that (2) is only applicable to nodes that are directly connected. A formal definition to facilitate the calculation of p ij ðtÞ is given later in this section by knowledge from epidemic theory. The propagation coefficient a ij ðtÞ will be determined through surveys or experiments. From epidemic theory [19, 34] , the changing rate of probability can be assumed as a decreasing exponential function. Then the coefficient a ij ðtÞ is expressed as
where a ij is the propagation factor, l j is the decaying factor of the receiver node j, t P 0. It is noted that the propagation coefficient decays from time t = 0. However, the probability can only decay after information is received at node j from node i. Therefore, the time delay of communication must be considered in the calculation of a ij ðtÞ. Note that the communication delay, denoted by Dt ij , is defined only for directly connected nodes and can be determined through surveys or experiments for a particular social network.
Then the propagation coefficient is modified as
Information diffusion
Initially, an information source is a specific node in the network. Only those nodes which are directly connected to this information source node can receive energy saving information from it. Fig. 2 shows the diffusion of information spreading out from source node i in a network with the maximum degree of separation to be 5. Note that i is directly connected to q ð1Þ ; q ð2Þ ; q ð3Þ and thus information is transferred directly from i to them. Nodes r ðlÞ ; l ¼ 1; 2; 3; 4; are not directly connected to i, and they can only receive information after certain q ðkÞ ; 1 6 k 6 3; receives information from i. The diffusion of energy saving information in a social network has certain similarity to infectious disease spreading. In fact, the energy saving information itself can be understood as a virus, and individuals in the network are considered as susceptible or infected [19] . In epidemic theory, an individual can only infect other people in the network when he/she is already infected. In the social network, people may not purchase the energy saving equipment even though they are informed, and they can spread out energy saving information to their contacts before they actually purchased/adopted the energy saving equipment. However, the impact to their contact will be much weaker if they do not physically install the energy saving facilities. Therefore, the energy saving information from a friend who does not actually install the energy saving equipment is assumed to be negligible. Under this hypothesis, individuals can only spread out information after the adoption of the energy efficient product. Additionally, when a node adopts the energy saving product, it will be treated as a new information source node. Thus, for any node which has a degree of separation larger than one to the nearest information source node, then the information it receives cannot directly come from the source node, but from a neighbour and only after the neighbour adopts the energy efficient product. This adoption time delay for any node j is denoted by T j and can be determined by the equation below,
where i is an information source node connected directly to node j, and the value of 1 in the right hand side in (5) represents that the accumulated probability of node j to adopt the energy efficient product. In case T j in (5) is calculated to be infinite, then it means that node j will not adopt this product. Since there will always be people immune to virus, individuals in a social network are possible to ignore the energy saving information. This set of immune targets ignoring energy saving information is represented by the notation G. Nodes in this set will not transfer information and can be ignored in the calculations of energy savings. The group of people that recovered from virus attack is represented by the notation K, and it corresponds to the case that these nodes in K will not transfer energy saving information after their adoption of energy saving products. The sets G and K can usually be determined through surveys.
Following the ideas of virus transmission, the probability p ij ðtÞ is calculated in the following equation,
where Q ði; tÞ is the set of all the nodes that are directly connected to node j at time period t.
Theoretically, information will keep on being propagated along the social network after adopted nodes become new information sources. Eventually, all nodes will have energy saving product installed except for immune ones. However, in practice, information will decay as Fig. 2 shows, where the triangles represent the information transferred from the information source. When the information transfers further away from initial information source i, its impact to target nodes becomes smaller, as indicated by the decay of the colours of the triangles in Fig. 2 . The amount of information transferred reduces sharply with the increase of the degree of separation between source and target.
With the aid of probability theory, the information that spread by information sources can be quantified as mathematical expectations. Thus, the amount of information spread by initial information source i to its neighbours during time period t can be calculated as below,
Then the total information diffusion from the beginning t ¼ 0to time t ¼ T can be calculated as,
It is important to note that Eq. (8) can only be applied to the case where the network has only a single information source. If multiple information sources appear in the network, the information diffusion by all information sources will be the sum of all information transferred,
where MðtÞ is the set of all information source nodes in the network at time t. Note that information exchange between source nodes are excluded in (9) since these source nodes already have full information and the impact from other source nodes will not increase their total amount of information.
Energy savings forecast
According to Ref. [24] , the expected energy savings can be divided into direct and indirect energy savings. The former savings are contributed by individuals who are implementing the energy efficiency project. These individuals are identified as information sources. The latter savings are contributed by other people within the social network who adopt the energy efficiency project after information diffusion. Assume the i-th end user is the only person that implements an energy efficiency measure in his/her network, then the expected energy savings of node i during the time period from time t ¼ 1tot ¼ T, which is denoted by F i ðTÞ,i s
where E i ðtÞ is the direct energy savings of i-th user at time t that implements the energy efficiency measure, E indirect j;i ðtÞ is the indirect savings in additional to E i ðtÞ which is achieved through information transformation to node j and it satisfies the following relation, 
where the unit of Dt c is day.
At the second part of the questionnaire, questions about the response on recommendations of changing incandescent light bulbs to LED light from friends on the list. The details of the two kinds of light bulbs are shown in Table 1 . The annual electricity bill and payback period are calculated by assuming an average of 3 h usage per day. These details are listed in the questionnaire to help participants making decisions when they receive this information.
All the weights between nodes are obtained from the survey data, and the network graph is shown in Fig. 3 . The 40 red dots with labelled numbers represent individuals in the social network. The grey lines with arrow between these dots represent directed impact between the nodes. To indicate the number of connections a node has, the sizes of the nodes are properly chosen so that bigger size nodes have more edges connected.
In order to calculate information propagation, values of the propagation coefficient a ij and decay coefficient l j need to be identified. Theoretically, there are 1600 a ij 's and 40 l j 's to be identified.
In practice, there will be less unknown coefficients to be identified as some of them are zero. To determine these unknown coefficients, least square method data fitting is applied. The objective function is shown below,
where the minimisation variables are the a ij 's and l j 's, y i ðTÞ is obtained from survey data, and is the installations at time period T when node i is taken as the information source. The expected energy savings can be calculated by Eq. (10) under the following assumptions.
1. Only one piece of energy saving information is considered in the network. 2. Individuals can only transfer information to those they have connections. 3. There are 12 incandescent light bulbs having 3 h daily usage in each people's home within the building, and these homes are using the same electricity supplier.
Results and discussions
There are 639 nonzero squared items in the objective function (13) . Two Matlab functions 'fmincon' and 'ga' are applied to solve (13) , where fmincon applies a gradient based searching algorithm while ga uses the popular genetic algorithm. The results from either fmincon or ga on its own are not good, however, the solution provided by fmincon can be substituted to ga as an initial value, and then the solution from ga is further substituted back to fmincon as a new initial value. After several rounds of computation by the two functions, the final solution obtained gives the objective function (13) the value of 7:2612 Â 10 À7 , which is very small and is acceptable comparing to 639 nonzero items in the objective function. After the identification of these unknown coefficients, the energy saving information propagation can be quantified.
Single information source
Assume that only one person has changed all the light bulbs to LED in the beginning. In order to calculate the expected energy savings with single information source of all 40 people within this social network, Eqs. (8) and (10) are used.
The expected energy savings of the whole social network is calculated separately for the 40 cases in which each node is assumed to be the unique information source in the network. The results are shown in Tables 2-6 are the savings over the time duration over 1 month, 2 months, 3 months, 6 months, and 12 months, respectively. Note that the savings in these tables are listed in descending order, and node degree means the number of connections a node has.
It can be seen in Table 2 that the largest amount of EES (expected energy savings) for the first month is 644.56 kW h when node 6 is taken as information source. This saving is over five times larger than 123.1 kW h for which node 10 is taken as the information source. This indicates that the impact of node 6 is much larger than node 10, and in case an energy efficiency product needs to be advertised, then node 6 is the most favourable target to be approached as this node will bring the highest possible energy savings from the whole network. Table 2 also shows that the adoption rate, i.e. expected savings, which depends roughly but not strictly on information source's node degree. For example, node 6 and 38 are the top two nodes with higher EES than other nodes, and their node degrees are 31 and 32 respectively. Although node 38 has a slightly bigger node degree than node 6, its EES is lower than node 6 because this EES is the accumulated effect over a period of 30 days when the information flows evolve differently over the two nodes' contact networks.
In Table 3 , source node 6 still has the largest EES for the first two months, while the smallest amount of EES is achieved by node 24 who has the least node degree. EES for the first two months achieved by source node 6 is twice the amount gained by source node 24. Node 6 achieves 1147.74 kW h expected savings at the end of the second month, which is much larger than its savings 644.56 at the end of the first month. This indicates that from the first month to the second month, the adoption rate within the network is still increasing rapidly. Table 4 is the EES for single information source in 3 months. It can be seen that node 6 still has the largest amount of EES. However, it should be noted the increased EES at the third month of source node 6 is 1155.4 kW h. This amount of increase is smaller than many other source nodes in the third month, for instance, node 5 has an increase of 1201.6 kW h in the third month. This means that the increasing rate of source node 6 is smaller than some other nodes after the second month. Due to this phenomenon, it can be seen that source node 6 has the 4th largest EES for the first half year as shown in Table 5 . It should be noted from Tables 5 and 6 that the increasing rate difference of EES between different source nodes becomes similar after the first half year. This is due to the reason that almost every individual in the social network who has the probability to adopt energy saving product has already installed it. In Table 6 , it can be seen that the source node which has the largest amount of EES for the first year is not the node with the largest node degree. Additionally, node degrees do not seem to have any direct link with the EES, and a node with higher node degree does not automatically imply it will have a higher EES. Therefore, EES is not much related to the value of node degree of the information source but it is likely to be influenced more by the time varying node connection weights. Fig. 4 is a graph on product installations of the whole social network when node 6 is taken as a source node. It is observed that the number of installed products increases rapidly for the first twenty days. Then it slows down at the end of the first month. In the second month, the number of installations increases from 25 to over 30 in 10 days, and it eventually stabilises at 32. The reason for the rapid increase of the number of installations in the initial 20 days is that node 6 has a very large node degree and with some strong weighting on its connection edges.
The maximum value reached by node 6 in 90 days is 32, this value increases with time, and eventually get saturated at 34.6 after 180 days. The saturation points for all source nodes appear after 180 days, and there is almost no change to these values even at the end of a 360 day period. Node 8, 16, 26 and 35 have the highest saturated number of installations, and these values are all equal to 35.6. The remaining nodes will saturated at 34.6 installations. This indicates that the saturation point of a network is not highly related to source node. For most of the source nodes within a network, they have roughly the same maximum number of installations after a sufficiently long time period. Table 7 shows a comparison of the expected energy savings for the best node with the average savings from 10 randomly chosen nodes in 1, 2, 3, 6, and 12 months. In the first month, the best node achieves 12.98% more savings than the average of the 10 random nodes. This figure turns to be 25.32% at the end of the second month. At the end of the 12th month, the optimal node has 5.64% more savings than the random nodes, and this figure turns to be smaller due to the gradual saturation of the expected energy savings.
Multiple information sources
Now consider the case where there are two people in the network whom have renovated their inefficient lighting systems into LED. In order to calculate the expected energy savings from the two nodes to the whole social network, Eqs. (10) and (11) are applied.
The expected energy savings of the whole social network is accumulated over each day during the calculation period of 1 month, 3 months, and 12 months and the corresponding results are given in Tables 8-10 respectively. In the calculations, all the possible combinations of any two nodes to be used as the information sources are calculated. The results can be seen in columns 'Combination' in Tables 8-10 respectively where the best 10 solutions and worst 10 solutions are listed.
In Table 8 , the best combination is source node 16 and 38 which create 691.15 kW h energy savings in one month. On the other extreme node 13 and 24 are the worst combination in the first month with 230.30 kW h EES. Comparing Table 8 to Table 2 ,i t can be seen clearly that two information sources have higher EES than a single source situation. It is noted that although source node 6 is the best one in a single source situation, it does not appear in the best combination when two source nodes are considered. This is because that the combination of node 16 and 38 create more connections to the rest of the social network in comparison to the combination of node 6 with any other node. However, source Fig. 4 . Number of installations while node 6 is taken as the information source. node 6 still appears six times in the list of the 10 best combinations in Table 7 and when longer term is considered, for 3 months savings, a combination of node 6 and 8 is the best resulting in 3057.1 kW h of savings (see Table 9 ). The best combination in 1 month becomes the 7th at the end of 3 months. It is also noted that the difference between the best 10 combinations is very small. Additionally, the difference of EES increasing rate between the best and worst combinations is decreasing as well. This indicates that the social network with two information sources is likely to become saturated shortly after 3 months. Table 10 shows that the best combination of node 8 and 35 can save 15,808 kW h in a whole year, which is 30% more than the worst combination of node 13 and 24. Table 11 is a comparison of the expected energy savings between the best combination and the average of 10 random combinations. It can be seen that in the first month, the best combination has 47.40% more savings than the random cases. At the end of one year, it is still 6.77% higher than the random average. This implies that the optimal combination will provide a quick win to achieve targeted savings.
Applications in heat pump rollout
The model obtained for the energy information propagation in the above two subsections does not depend on particular energy technologies, and thus can be applied to calculate expected energy savings for other types of energy efficient technologies. As an illustration, consider its applications in the savings calculation of heat pumps. When compared to electric water heaters air source heat pumps can heat water more efficiently when the ambient temperature is not too low. An assumption that the electric water heater under consideration consumes 4 kW power in each home, and its average working time is 1 h per day is used. The average coefficient of performance, which is defined as the average ratio of generated thermal energy to the input electrical energy, is 4. Assume also that two homes are selected to install heat pumps at a discounted rate in order to attract more homes to purchase heat pumps. The objective is to find the most appropriate two individuals to receive discounted heat pumps in the social network which would create the largest expected energy savings. The expected energy savings over a 6-month period for the best and worst 10 combinations of two possible receivers are shown in Table 12 .
In Table 12 , the best combination of information source nodes is node 8 and 35. The 6-month expected energy savings for this pair is 16,803 kW h which is about 42% larger than the worst combination of node 13 and 24. Fig. 5 shows the expected daily energy savings of the beginning 6 months when node 8 and 35 are taken as information sources. The EES increases rapidly from the beginning till the end of the second month. The daily EES becomes steady after about 100 days.
Implications
This paper uses the expected energy savings to evaluate the impact of human connections on energy consumption within a social network. Although [24, 25] use this indicator as well, the model in those papers assumes the impact between individuals is equal which is not realistic. While in this paper, by introducing node weight, the connections between individuals become diverse, and the quantified influence from individuals is more reliable. Additionally, the applied undirected network can simulate a more realistic and accurate social network connections. The model designed in [14, 15] can be used to study how households' habits can influence energy consumptions, however, it does not consider the interactions between households, and cannot quantify savings from human interactions. The designed model in this paper quantifies the impact between individuals and uses the expected energy savings as a comparable indicator to evaluate the impact of human interactions on energy consumption. The Facebook tool developed in [18] relies on inaccurate verbal descriptions to find the impact of network interactions on savings, and it is only verified on a small network of 8 people. In [26] [27] [28] ] the probability to adopt new efficient product is described as an individual's characteristic, and it focuses on the dynamic population adoption rate. However, the results are limited to homogenous networks in which connections between individuals are the same, and energy savings are not explicitly quantified. While in this paper, connections between individuals in the social network can be different, and thus the model will be closer to the real situation; furthermore, the model also forecasts the expected energy savings by calculating the impact of the social connections. Therefore, the results in this paper will be more practicable and reliable to guide energy efficiency technology mass rollout programmes and projects.
Limitations
The modelling method presented in this paper has a few limitations. Firstly, the method requires survey data including details of social network connections. This narrows the scale of the targeted social network. In future studies, epidemic theory will be applied to minimise the requirement of network connection details. Sampling techniques from statistics can also be combined to reduce the number of people involved in a survey. Secondly, there are large amount of parameters about the network to be determined in the presented model, which brings a lot of computational challenges to identify these parameters by least square methods. The current approach in the case studies of this paper is to select sufficiently large populations in the generic algorithm to solve the least square optimisation problem, and more advanced optimisation algorithms need to be identified if the size of the network is very big. Thirdly, the reliability of the expected energy savings depends on whether the sampled social network is representative enough. Inappropriately selected network will cause the results less representative. Advanced sampling techniques in [35, 36] can be applied to guide the selection of individuals and the corresponding network.
Conclusions
A mathematical model to calculate the expected energy savings is obtained in this paper by studying interactions within a social network. Decayed propagation of information along the social network is modelled by an exponential function. With the aid of probability theory, the obtained mathematical model can calculate both the direct and indirect energy savings. This model can also help to decide which individuals will have the most influence on the rest of the social network. The model is tested by a social network with 40 participants and network data is collected from survey questions. The results on a social network with a single information source show that the influence of an individual is not only related to its connectivity but it is also strongly affected by node to node weights. The best chosen information source can have about 25% more energy savings in the first two month compared to randomly chosen nodes. In the end of a year, it still can have 5.64% more energy savings than random nodes. Therefore, the best node chosen by the model can achieve significant amount of extra energy savings in a very short time period. When the network has multiple information sources, the influence of these multiple source nodes depends on the connections and weights of the network, and the combination of the two most influential single information source nodes may not provide the greatest influence to the network. The best combination of information sources can have about 47% more energy savings in the first month compared to random combinations. This again illustrates the usefulness of the obtained results in guiding energy efficiency technology rollout projects.
The obtained model can be further implemented in many large scale energy related programmes and projects, for example, the rollout of smart metres, electric vehicles, etc. The model will help to monitor the progress of the installations and calculate if the targeted progress can be achieved. A future work will study the quantitative impact of customer engagement to help programme organisers and other stakeholders to take further actions in end user engagement should the forecasted progress is slower than expected. 
